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EXISTENCE RESULTS FOR LINEAR EVOLUTION 
EQUATIONS OF PARABOLIC TYPE 


Ton Viet Ta 
Kyushu University 

We study both strict and mild solutions to parabolic evolution 
equations of the form dX + AXdt = F{t)dt + G{t)dW{t) in Banach 
spaces. First, we explore the deterministic case. The maximal regular¬ 
ity of solutions has been shown. Second, we investigate the stochastic 
case. We prove existence of strict solutions and show their space-time 
regularity. Finally, we apply our abstract results to a stochastic heat 
equation. 


1. Introduction. We consider the Cauchy problem for a linear evolu¬ 
tion equation with additive noise 


dX + AXdt = F{t)dt + G{t)dW{t), 0<t<r, 

A(0) = C 


in a UMD Banach space E of type 2 with norm || • ||. Here, W denotes a 
cylindrical Wiener process on a separable Hilbert space H, and is defined on 
a filtered, complete probability space (0, E, {Ji}f>o, P). Operators G{t), 0 < 
t <T, are 7 - radonifying operators from H to E, whereas E is an E- valued 
measurable function on [0, T]. Initial value is an E- valued Eq - measurable 
random variable. And, A is a sectorial operator in E, i.e. it is a densely 
defined, closed linear operator satisfying the condition: 

(A) The spectrum cr{A) of A is contained in an open sectorial domain 


c 7 (A) C S .,37 = {A G C : I arg A| < ro}, 0<w<—. 
The resolvent satisfies the estimate 


with some constant > 0 depending only on the angle vd. 
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The equation (1.1) has been extensively explored in different settings. 
In the deterministic case (i.e. G = 0), it has been investigated by many 
researchers (see, e.g., [1, 2, 5, 8, 12, 14],[16]-[19],[23]-[26]). Not only weak 
solutions but also strict solutions have been studied. The three main ap¬ 
proaches are known for this study, namely, the semigroups methods, the 
variational methods and the methods of using operational equations. 

In the stochastic case (i.e. G ^ 0), weak solutions in L 2 spaces have 
been shown in [3, 4] by using the semigroup methods, in [13] by using the 
variational methods, and in [22] by using the martingale methods. After that, 
some researchers have studied that kind of solutions in weighted Sobolev 
spaces or weighted Holder spaces (see [6, 7, 9]) by using the semigroup or 
the variational methods. 

However, existence of strict solutions to (1.1) is only shown in a very 
restrictive case. In [3, 4], Da Prato et al. showed that when A is a bounded 
linear operator, (1.1) that is considered in Hilbert spaces possesses strict 
solutions (under other conditions on coefficients and initial value). 

The work in [4] inspired us to study existence of strict solutions to (1.1) 
when the linear operator A is unbounded. In the present paper, we want to 
consider the equation in Banach spaces (for the deterministic case) and in 
HMD Banach spaces of type 2 (for the stochastic case), where both F and G 
have temporal and spatial regularity. In the deterministic case, our results 
improve those in [20] and generalize the maximal regularity theorem in [26] . 
In the stochastic case, we show existence and regularity of strict solutions, 
provided that A is a (unbounded) sectorial operator. 

Let us assume that A~°‘^F and A~°‘^G (—00 < ai,a 2 < 00 ), respectively, 
belong to weighted Holder continuous function spaces T'^’'^((0, T]; Li) and 
T'^’'^((0,r];7(i7;S)). In the deterministic case, the maximal regularity for 
both initial value ^ and function F are shown in Theorem 3.2: 

(input) ^gD(A^-"i), A-'^^F eF^’^{{0,T];E). 

(output) X G C((0,r];D(A^“"i)), A^""iX G J'^’'"((0, T]; H), 
fix 

G J-^’"((0,r];L;). 

In the stochastic case, (1.1) possesses a unique strict solution (see Corollary 
4.4): 

(input) <eGD(A^-"i), A-"iF G X^’^((0,r];£;), 

A-<^^GeF^’^{{0,Ty,j{H-,E)) (ai <0,^2 <«i-^). 

(output) There exists a unique strict solution X such that 
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X eC([0,r];P(^^-"i)), AX ^C{{<d,T]-E) a.s. 

For the study, we use the semigroup methods. In particular, we very often 
use an identity: 

f {t — — s)^~^du = {t — a), 0 < s < t < oo, 

J S 

where is the Beta function and 0 < a,/3 < 1 are some constants. 

Notice that when a + /3 = 1, we have 

pt 

\Q—1/^, a. 


(t — n)“ ^(n —s) °du = 


TT 


0 < s < t < OO. 


sin(7ra) ’ 

This identity has been used as a key point in the so-called factorization 
method introduced by Da Prato et al. (see [3, 4]). 

For applications, our results can be applied to a class of stochastic partial 
differential equations such as heat equations, reaction diffusion equations, 
FitzHugh-Nagumo models, or Hodgkin-Huxley models (see, e.g., [22, 4]). In 
the last section of the present paper, we consider a special case, namely 
cJi = —a{x)u{t,x) + b{t,x) and <72 = a{t,x) (see (5.1)), of the nonlinear 
stochastic heat equation: 

du 

(1.2) — = Art -L <Ti(t, X, u{t, x)) + o' 2 {t, x, u{t, x))W{t, x). 

We should mention that weak solutions to (1.2) have been studied in [10, 11, 
15, 22] and references therein. By using our abstract results, strict solutions 
to (5.1) can be obtained (see Theorems 5.1 and 5.2). 

The paper is organized as follows. Section 2 is preliminary. Section 3 
studies the deterministic case of (1.1). The stochastic case is investigated in 
Section 4. Finally, Section 5 gives an application to heat equations. 

2. Preliminary. 

2.1. UMD Banach spaces of type 2. Let us recall the notion of UMD 
Banach spaces of type 2. 

Definition 2.1. (i) A Banach space E is called a UMD space if for 

some (equivalently, for all) 1 < p < oo, there is a constant Cp{E) such 
that for any - integrable U-valued martingale difference {M„}„ 
(i.e. is a martingale) on a complete probability space 

(D', X', P') and any e: {1, 2,3,... } —>■ {—1,1}, 


E' 


'"E 

2 = 1 


e(i)M„r <Cp(U)E'||^M,r, 
1=1 


n = 1, 2, 3,... . 
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(ii) A Banach space E is said to be of type 2 if there exists C 2 {E) > 0 such 
that for any Rademacher sequence {ei}i on a complete probability 
space (O', and any finite sequence {xk}^^i of E, 

n n 

E'll < C2{E) ^ \\Xi\\^. 

i=l i=l 

(Recall that a Rademacher sequence is a sequence of independent sym¬ 
metric random variables each one taking on the set { 1 ,- 1 }.) 

Remark 2.2. All Hilbert spaces and spaces {2 < p < oo) are UMD 
spaces of type 2. When 1 < p < oo, spaces are UMD spaces. 

From now on, if not specified we always assume that U is a UMD Banach 
sapce of type 2 and H is a separable Hilbert space. 


2.2. 7 - radonifying operators. Let us review the notion of 7 - radonifying 
operators. For more details on the subject, see [21]. 


Definition 2.3 (7 -radonifying operators). Let {en}'^=i be an orthonor¬ 
mal basis of H. Let { 7 n}^i be a sequence of independent standard Gaussian 
random variables on a probability space {Q',E 'A 7 - radonifying oper¬ 
ator from FT to U is an operator, denoted by cj) for example, in L[H]E) such 
that the Gaussian series converges in Lp‘{¥l',E). 


Denote by ^{H\E) the set of all 7 - radonifying operators from H to E. 
Define a norm in 7 (FF; E) by 




OO 2 -, 1 

E'||^7n0en 
71=1 




It is known that the norm is independent of the orthonormal basis {en}’^=i 
and the Gaussian sequence { 7 , 1 }^^. Furthermore, {'^{H]E), || • \\.y(H-,E)) is 
complete. 


Remark 2.4. When U is a Hilbert space, the space ( 7 (FF; F"), || • || 7 (/i;£;)) 
is isometrical to the space L 2 {H] E) of Hilbert-Schmidt operators. 

Let (5, S) be a measurable space. A function ip\ S ^ E is said to be 
strongly measurable if it is the pointwise limit of a sequence of simple func¬ 
tions. A function (p: S ^ L{H]E) is said to be FF-strongly measurable if 
4>{-)h\ S' —>■ F is strongly measurable for all h ^ H. 
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Denote by T]) the class of all H - strongly measurable and adapted 

processes 0: [0, T] x Q — >■ 'y{H-,E) in T) x Q; ^{H; E)). 

The following result is very often used in this paper. 

Lemma 2.5. Let (pi G L{E) and <p2 G l{H',E). Then, (pi(p2 £ l{H',E) 
and 

\\4>l4>2\\'f{H;E) < \\ML{E)\\4>2\\'y{H-,E)- 

2.3. Stochastic integrals. 


Definition 2.6. A family W = {W{t)}t>o of bounded linear operators 
from H to L^(Q) is called a cylindrical Wiener process on H if 

(i) Wh = {W{t)h}t>o is a scalar Wiener process on {Ll,E, {Jt}i>o,P) for 
all heH. 

(ii) E[W{ti)hiW{t2)h2] = m.m{ti,t2}{hi, h2 )h, 0 < ti,t2 < oo, /ii,/i 2 C 

H. 


For each cp G AA^([0, T]), the stochastic integral Jq (p{t)dW{t) is defined 
as a limit of integrals of adapted step processes. By a localization argument 
stochastic integrals can be extended to the class AA([0, T]) of all Lf- strongly 
measurable and adapted processes (p- [0;^] ^ ^ ^ l{H;E) which are in 
L\{Q,T)-^{H-E)) a.s. (see [21]). 


Theorem 2.7. 

rT 


There exists c{E) > 0 depending only on E such that 


E 
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cP{t)dW{t) <c(£;)|| 0 ||i.((o^^) 

xU;7(H;E))! ^ AA^([o,r]), 


here ll<?i'lli2((o,T)xU;7(H;E)) = if ^U{s)\\^(^H-,E)d^- addition, for any (p in 
A/’^([0,T]) (or J\f{[ 0 ,T])), {(^(s)(iVF(s),0 < t < T} is an E-valued con¬ 
tinuous martingale (or local martingale) and a Gaussian process. 


For the proof, see e.g., [21]. 


Proposition 2.8. Let B be a closed linear operator on E and <p\ [0, T] x 
D —)■ 7 ( 77 ; E). If both cp and Bcp belong to A 7 ^([ 0 , T]), then 

B [ (P{t)dW{t) = 

Jo 

The proof for Proposition 2.8 is very similar to one in [4]. So, we omit it. 
Let us finally restate the Kolmogorov continuity theorem. This theorem 
gives a sufficient condition for a stochastic process to be Holder continuous. 


B(P{t)dW{t) 


a.s. 
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Theorem 2.9. Let C be an E-valued stochastic process on [a, 6],0 < 
a < b < oo. Assume that for some c > 0, ei > 1 and €2 > 0, 

(2.1) — C('S)||'^^ < c{t — a < s < t < b. 

Then, Q has a version whose P - almost all trajectories are Holder continuous 
functions with an arbitrarily smaller exponent than 

When C is a Gaussian process, the condition (2.1) can be weakened. 

Theorem 2.10. Let ( be an E-valued Gaussian process on [a,6],0 < 
a < b < 00 , such that E(^(t) = 0 for a < t < b. Assume that for some c > 0 
and 0 < e < 1, 

®"llC(i) “ C('S)lP < c{t — sY, a < s < t < b. 

Then, there exists a modification of ^ whose P - almost all trajectories are 
Holder continuous functions with an arbitrarily smaller exponent than |. 

For the proofs of Theorems 2.9 and 2.10, see e.g., [4]. 


2.4. Weighted Holder continuous function spaces. For 0 < u < /3 < 1, 
denote by J-'^’'^((0, T]; E) the space of all E-valued continuous functions / 
on (0,T] (resp. [0,T]) when 0 < /3 < 1 (resp. /3 = 1) with the properties: 

(i) When /3 < 1, 

( 2 . 2 ) f{t) has a limit as t ^ 0 . 


(ii) / is Holder continuous with exponent a and weight ^ 

^l-/3+a||j(^) _y(^)|| 

sup 

(2.3) 


sup 

0<s<t<T [t — sY 


(hi) 


(2.4) 


si-h+Y\f{t)-fis)\\ ^ 

= sup sup - - ---< 00 . 

o<t<To<s<t — sr 


limw f(t) = 0, 


s^-P+-\\f(t)-f{s)\\ 

{t-sr 


where Wf{t) = supo<s<t 
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It is clear that T]; is a Banach space with norm 

II/IL»-(b) = sup t‘-f'|l/(t)|| + sup - -^WII , 

0<t<T 0<s<t<T [t — S) 

By the dehnition, for / G E), 

ll/WII < 0<t<T, 

(2.5) \\f{t)-f{s)\\<Wf{t)it-srs^—^ 

< \\fyP.-(E){t - 0 < s < t < T. 

For more details on weighted Holder continuous function spaces, see [26]. 

2.5. Strict and mild solutions. Let us restate the problem (1.1). Through¬ 
out this paper, we consider (1.1) in a UMD Banach space E of type 2, where 

(i) H is a sectorial operator on E. 

(ii) VF is a cylindrical Wiener process on a separable Hilbert space H, and 
is defined on a complete filtered probability space (H,T',T),P). 

(hi) F is a measurable from [0, T] to {E,B{E)). 

(iv) G: [0, T] —)• 'y{H]E) such that for any h ^ H, G{-)h is strongly mea¬ 
surable from [0, T] to {E,B{E)). Then, G G J\f^{[0,T]) (see Subsection 
2 . 2 ). 

(vi) ^ is an F-valued Tb-measurable random variable. 

Lemma 2.11. Let (A) be satisfied. Then, (—A) generates a semigroup 
S{t) = e~^^. Furthermore, 

(i) For 6 > 0 there exists lq > 0 such that 

(2.6) ||A®5(t)|| < L 0 t~^, 0 <t < oo, 

and 

(2.7) \\A-<^\\<Le. 

In particular, 

(2.8) ||<S'(t)|| < io, 0 < t < oo. 

(ii) For 0 < 6 < 1, 

(2.9) t^A^S{t) converges to 0 strongly on E as t ^ 0. 
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For the proof, see e.g., [26]. 

Definition 2.12. A predictable Fi-valued process X on [0,T] is called 
a strict solution of (1.1) if 


X(t) € T>{A) and f AX{s)di 

Jo 


< oo 


and 


X{t) =<e- / AX{s)ds+ [ Fi{s)ds+ [ G{s)dW{s) 
Jo Jo Jo 


a.s., 0 < t < r, 


a.s., 0 < t < T. 


Definition 2.13. A predictable Fi-valued process X on [0, T] is called 
a mild solution of (1.1) if 


X{t) =S{t)C+ [ S{t-s)Fi{s)ds 
Jo 

+ [ S{t - s)G{s)dW{s) 
Jo 


a.s., 0 < t < T. 


A strict (mild) solution X on [0, T] is said to be unique if any other strict 
(mild) solution X on [0, T] is indistinguishable from it, i.e. 


P{A(t) = X{t) for every 0<t<T} = l. 


Remark 2.14. A strict solution is a mild solution. The inverse is however 
not true in general ([4]). 


3. The deterministic case. In this section, we consider the determin¬ 
istic case of (1.1), i.e. the equation 


dX + AXdt = F{t)dt, 0 < t < T, 
X{0) = c 


in a Banach space E. (For this case, the UMD and type 2 properties are 
unnecessary.) 

Suppose that 

(FI) A~°‘^F G E) for some 0 < u < /3 < 1 and — oo < 

ai < 1 . 


Let us fist consider the case where the initial value ^ is arbitrary in E. 
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Theorem 3.1. Let (A) and (FI) be satisfied. Then, there exists a unique 
mild solution X to (3.1) in the function space: 

X G C((0,r];T>(A^-“i)) 


with the estimate 


(3.2) ||X(i)||+ti-“MI^'-“^X(t)|| 

<C[||C|| + 0 < t < T. 

Furthermore, if ax < 0, then X becomes a strict solution of (3.1) possessing 
the regularity: 

and satisfying the estimate 


(3.3) t 


dX 

dt 




Here, the constant C depends only on the exponents. 


0 <t<T. 


Proof. The proof is divided into four steps. 

Step 1. Let us show that (3.1) possesses a unique mild solution in the 
space C((0,r];P(Ai-"i)). 

We have 


[ A^-^^S{t-s)E{s)ds 
Jo 

= [ AS{t- s)A-^^F{s)ds 
Jo 

= [ AS{t- s)[A-^^F{s) - 
Jo 

= [ AS{t- s)[A-^^Eis) - 
Jo 


A-^^F{t)]ds+ [ AS{t- s)dsA-^^F{t) 
Jo 

A-'^^F{t)]ds + [I- 5(t)]A-“iF(t). 


The integral in the right-hand side of the latter equality is well-defined 
and continuous on (0,T]. This is because by (2.5), (2.6) and (FI), 



||A,S(t-s)[A-"iF(s) 




< [ ||AS(t-s)||||A-“iF(s)-A-“iT(t)||ds 
Jo 
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<iiP [ (t-sT ^ds 

Jo 

(3.4) < oo, 0 < t < T, 

where is the Beta function. The integral fgA^~'^^S(- — s)F(s)ds is 

hence continuous on (0,T]. 

Since is closed, we observe that 


^1-“! [ S{t- s)F{s)ds= [ s)F{s)ds. 

Jo Jo 


Thus, A^~^^ Jg S{- — s)F{s)ds is continuous on (0, T]. 

On the other hand, it is clear that is also continuous on (0, T]. 

The function X defined by 


X{t)=A^^-^ + [ S{t-s)F{s)ds 

i Jo 


is thus a unique mild solution of (3.1) in C((0,T];D(^^““i)). 
Step 2. Let us verify the estimate (3.2). 

When a\ < 0, (2.5), (2.7) and (2.8) give 



||S'(t-s)F(s)||ds 


< f\\A‘^^S{t-s)\\\\A-»^F{s)\\ds 
Jo 

< f t-aiio||^ F\\jrp,a(^E)^^ ^ds 


l^-ail'oWA 


< oo. 


0 < t < T. 


Meanwhile, when ai > 0, (2.6) and (2.7) give 


[ ll'S'(i - s)i^(s)||ds 
Jo 

< [ ||7l“i5(t-s)||||7l-“iF(s)||ds 
Jo 

< [ “^F||j-/3.a(E)(t — s) ^ds 

Jo 

= ia, ||7l-“iF||^,..(g)B(/3,1 - ai)t^-“i 


< oo, 0 < t < T. 
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Hence, in any case of ai, 
rt 


(3.5) f ||5(f - s)F(s)||(is 

Jo 


0 < f < T, 


where C is some positive constant depending only on the exponents. 
Using (3.4) and (3.5), we observe that 

||X(t)||+ti-“M|4l'-“^X(t)|| 

= S{t)^+ [ S{t-s)F{s)ds 

Jo 


< 


>“"i5(t)^+ [ s)F{s)d. 

Jo 

||5(t)e||+ti-“M|4l'-“^5(t)eil+ f\\S{t-s)F{s)\\d. 

Jo 

+ [ P5(t-s)[H-“iF(s)-H-“iF(t)]||(is 

Jo 


+ - S{t)]A-^^F{t)\\ 

<||5(t)e||+ti-“M|4l'-“^5(i)lllieil +C||H-“iF||^,..(^)max{t/5-^^ 
+ ti-“i||/-5(t)||||H-“iF(t)|| 


+ ii\\A-^^Fyp..^E)B{/3 - cT,c7)t^-“i, 0<t<T. 


Due to (2.5), (2.6) and (2.8), it is then seen that 


||X(t)||+ti-“M|H^-“iX(t)|| 

<io||?|| + O-ai IICII + max{t^""i, 

+ (1 + ''0)||^ 

+ - a,a)tf^-^\ 0<t<T. 

Thus, (3.2) has been verified. 

Step 3. Let us show that if ai < 0, then 

. XGC([0,r];£;)ncn(0,T];L;). 

• X is a strict solution of (3.1). 

In view of (3.5), fg S(- — s)F{s)ds is continuous on [0,T]. Since 

X{t) = S{t)C+ [ S{t-s)F{s)ds, 

Jo 
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we obtain that 


(3.6) XeC{[0,nE). 

Let An = A{1 + ^)“^(n = 1, 2,3,...) be the Yosida approximation of A. 
Then, An satisfies (A) uniformly and generates an analytic semigroup Sn{t) 
(see e.g., [26]). Furthermore, for any 0 < < oo and 0 < t < T, 


(3.7) 


and 


lim^^oo ^nSnit) = A'^S{t) in L{E), 
lim^^oo An'" = A-'^ in L{E), 


(3.8) 


'\\A''nSn{t)\\<<,ut-'' 

< \WnSn{t)\\<,ue-^^^ 


if > 0,0 < f < T, 
if = 0,0 < f < T, 


where > 0 is some constant independent of n. 

Consider a function Xn defined by 

Xn{t) = Sn{t)i + [ K^Snit - s)^““1 F(s)ds, 0 < f < T. 

Jo 

We have 


AnXn{t) 

=AnSnm + [ Ai+<^^Sn{t - s)[A-<^^E{s) - A-“iF(f)]ds 
Jo 

+ [ Ai+“iS„(f-s)(isA-"iF(t) 

Jo 

(3.9) =AnSnm + f Ai+^^Sn{t - s)[A-^^E{s) - A-^^E{t)]ds 

Jo 


Let us estimate ||A„A„(t)||. When —1 < ai < 0, (2.5), (3.8) and (3.9) 
give 


||A„A„(t)|| 

Jo 

+ ?-oi(l + ?oe ‘'°*)||A ^ 
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=?l||^l|i ^+?l+aiP - ai)t^ ^ 

+ ?-oi(l + ?oe ^°*)||^ 0 < t < T. 

In the meantime, when ai < —1, 


WAnXnim 

<?it-i||CII + r UnSnit - s)||p-“iF(s) - A-^^Fmds 

Jo 

+ ?-ai(l + ?oe ^ 

Jo 

+ ?-Qi(l+?oe ''°‘)||^ ^ 

=?i||?ll^“^ + ?-ai?iP““^-?^llj-/3.-(£;)-B(/3 - a, a)td-^ 

+ ?-ai(l + ?0e ''“*)||^ X\\EP,<y(^E)'^^ 0<t<T. 

Therefore, in any case of ai, there exists Ci > 0 independent of n such that 

(3.10) \\AMt)\\ <C^U\\t-^ + Ci\\A-^^F\\E,,.(E) 

X max{t^""i“\t^"^}, 0<t<r. 

Thus, (3.7) gives 

lim AnXn{t) = Y{t), 

n^oo 

where 

Y{t) =AS{t)^ + [ A^+^^S{t - s)[A-^^F{s) - A-°^F{t)]ds 

Jo 

+ 7l"i [I - S{t)]A-^^F{t). 

Let us verify that Y is continuous on (0, T]. Take 0 < to <T. By using 
(2.5) and (2.6), for every t > to, 

\\Y{t)-Y{to)\\ 

= \[ASm-ASito)C] 

+ [/ - S{t)]A-‘^^F{t) - ^"1 [/ - 5(to)]7l-"iT(to)} 

+ [ A^+"i5(t-s)[A-“iF(s)-7l-"iF(t)]ds 

Jto 

+ [ ° A^+'^^S{t - s)[A-^^F{s) - A-'^^F{t)]ds 
Jo 
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rto 


JO 

<\\AS{to)[S{t-to)-m\ 

+ [/ - Sit)]A-^^Fit) - ^“1 [/ - Sito)]A-^^F{to)\\ 


+ 


f A^+^^S{t - s)[A-^^F{s) - A-^^F{t)]ds 

Jto 

+ [ ° A^+^^S{t - s)ds[A-^^F{to) - A-^^F{t)] 

Jo 

+ [° S{t- to)A^+‘^^S{to - s)[A-^^F{s) - A-^^F{to)]ds 
Jo 

- [ ° - s)[A-"iF(s) - A-^^F{to)]ds 

Jo 


<tito^\\S{t-to)^-^\\ 

+ - S{t)]A-‘^^F{t) - A^^[I - S{to)]A-^^F{to)\\ 


+ f ||Ai+“i5(t - s)||p-“iF(s) - A-^^F{t)\\ds 

Jto 

+ - to) - Sit)][A-<^^Fito) - A-“^F(t)]|| 

+ r \\[S{t - to) - I]A^+^^S{to - s)[A-^^F{s) - A-^^F{to)]\\ds 
Jo 


'0 

*-l 


<tit^^\\sit-to)c-a 

+ \\A^^[I - S{t)]A-^^F{t) - A^^[I - 5(to)]^"“'i"(to)|| 

Jto 

+ \\A<^^[Sit - to) - Sit)][A-<^^Fito) - A-<^^Fit)]\\ 

+ \\A--^Fy,,4Sit - to) -1\\ r P'+“^S(to - s)\\{to 

Jo 

Therefore, 

limsup ||F(f) - T(fo)|| 

t\to 


- s)^s^-^-^ds. 


< limsup 

t\to 


WA-^^Fy^,. f \\A^+^^S{t - s)||(f - s)‘^sf^-‘^-ys 
Jto 

+ \\A-^^F\y,4S{t - to) - I\\ r P'+“i5(fo - s)\\{to - s)‘^sf^-‘^-ys 

Jo 
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Thus, it is easily seen that 


lim y(t) = Y{to). 

t\to 


Similarly, we obtain that 


lim Y{t) = Y{to). 

t/'to 

The function Y is hence continuous at t = to and then at every point in 

(o,r]. 

On the other hand, due to (3.7) and (3.8), 

lim Xn{t) = X{t) in E pointwise. 

n^oo 

We thus arrive at 

X(t) = lim Xjt) = lim A-^AnXJt) = A-^Y(t). 

n^oo n—>-oo 

As a consequence, 


X{t) G V{A), 


0<t<T, 


and 


AX = Y G C((0,T]-,E). 

Meanwhile, since is bounded, by some direct calculations, 

dX„ 


dt 


= -AnXn + AZ^A-^^F{t), 


0 < t < T. 


From this equation, for any 0 < e < T, 

(3.11) A„(t) = Xn{e) + IjA^^A-^^Fis) - AMs)]ds, 


e<t<T. 


Using (3.10), the Lebesgue dominate convergence theorem applied to 
(3.11) provides that 


(3.12) X{t) = X{e) + ^ [F{s) - AX{s)]ds, 


e<t<T. 


This shows that X is differentiable on [e, T]. Since e is arbitrary in (0,T], 
we conclude that 


(3.13) 


X GC\{0,Ty,E). 
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By combining (3.6) and (3.13), the first statement has been verified: 

On the other hand, taking e —0 in (3.12), we have 

X{t) = C + / [F{s) - ^X(s)]ds, 0 < t < T. 

Jo 

Since 

f\\E{s)\\ds< f \\A-mA-^^E{s)\\ds 
Jo Jo 

< \\A°‘^\\\\A-°‘^E\\jrp,.^E) f sf^-^ds < CX), 

Jo 

the integral fg F{s)ds is well-defined. The latter equality then shows that 
fg AX(s)ds is well-defined and that 

X(t) = i- [ AX{s)ds + [ E{s)ds, 0<t<T. 

Jo Jo 

Therefore, X is a strict solution of (3.1). We thus arrive at the second 
statement. 

Step 4. Let us prove that X satisfies the estimate (3.3) when ai < 0. 
Thanks to (3.10), 


\\AX{t)\\ = ||y(t)|| = lim \\AA{t)\\ 

71^00 

< 0 <t<T. 

Therefore, 

t\\AX{t)\\ < Ci[||e|| + ||T-“iF||^,,.(^)max{t^-“i,t^}], 0 < t < T. 

This together with (3.12) gives 
r! X 

^ =\\Eit)-AX{t)\\ 

<\\A^^\\\\A-^^E{t)\\ + \\AX{t)\\ 

+cmt-^ 

+ Ci\\A~°‘^E\\jrf},a(^E) 0 <t <T. 
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Hence, there exists C* > 0 depending only on the exponents and the constants 
in (2.6), (2.7) and (2.8) such that 


t 


dX 

dt 


< Clieil + 


0 < t < T. 


By Steps 1-4, the proof is complete. 


□ 


Let us now consider the case where the initial value ^ belongs to a subspace 
of E, namely The below theorem shows maximal regularity for 

both initial value ^ and function F. 


Theorem 3.2. Let (A) and (FI) he satisfied. Let ^ G 'D{A^ “i). Then, 
there exists a unique mild solution of (3.1) possessing the regularity: 

X G C((0,r];P(A^-"i)) nC([0,r];T'(A^-"i)), 


and 

Ai-»iX G E^’^((0,T];E). 
In addition, X satisfies the estimate: 


(3.14) ||T-“>x||c + <c[||T-“>e|| + 

Furthermore, when ai < 0, X becomes a strict solution of (3.1) possessing 
the regularity: 

X&C\{^,T]-E) 

and 

dX 

— G J-^’'"((0,r];.F) 

with the estimate: 


(3.15) 


I-Ol 


dX 

dt 


„„<C[||Y-«{|| + ||31-“-F||^,„,e,]. 




Here, C is some positive constant depending only on the exponents. 


Proof. The proof is divided into several steps. 

Step 1. Let us verify that 

A G C((0,T];P(A^-“i)) nC([0,r];P(A^-“i)). 

In Theorem 3.1, we have already shown that 

A GC((0,r];T>(A^-“i)). 
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We now have 

rt 


^/3-ai f S{t-s)F{s)ds=A^ [ S{t-s)[A-^^F{s) - A-^^F{t)]ds 
Jo Jo 

+ A^-^ [ AS{t-s)A-^^F{t)ds 

Jo 

= [ A^S{t-s)[A-^^F{s)-A-^^F{t)]ds 
Jo 

+ A^-^[I-Sit)]A-'^^F{t). 

Hence, (2.5), (2.6) and (FI) give 

p/3-ai f S{t-s)F{s)ds\\ 

Jo 

< [ \\Af^S{t-s)\\\\A-°^F{s) - A-^^F{t)\\ds 

Jo 

+ \\A^-^[I-S{t)]A-'^^F{t)\\ 

</,/3t(;^-c,i^(i) f {t — sY~^s^~^~^ds 

Jo 

+ \\A^-Yl-S{t)]A-'^^F{t)\\ 

=tpB{(3 - cr, 1 + CJ - /3)wa-<=‘i rii) 

+ \\A^-Yl-S{t)]A-'^^F{t)\\. 

In view of (2.4) and (2.9), it follows that 

lim [ S{t — s)F{s)ds\\ = 0. 

t^OO Jq 

The function S{- — s)F{s)ds is therefore continuous at f = 0. 

Since A^~'^^X is continuous on (0, T], Y S(- — s)F(s)ds is then 

continuous on [0,T]. Thus, from the expression 

H^-“iX(-) = 5(-)^^““'C+ [ A^-^^S{- - s)F{s)ds, 

Jo 

we observe that 

X G C([0,r];P(H^""i)). 

In addition, thanks to (2.5), (2.6), and (2.8), 

l|T-">x(()|| 
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= s)F{s)ds 

Jo 

<io\\A^-^^a + f \\A^S{t - .)||p-“iF(s)||ds 
Jo 

[\t - sr-f^s^-^-^ds 

Jo 

(3.16) + ipB{(5 - a, 1 + cT - 0 < i < T. 

Step 2. Let us now prove that 

A^-^iX G F^’^((0,T]-,E) 

and that (3.14) holds true. 

We use a decomposition: 

A^-^^X(t) =^i-“i5(t)e+ f AS{t-s)[A-°^F{s) - A-^^F{t)]ds 

Jo 

+ [ AS{t-s)dsA-'^^F{t) 

Jo 

=A^-^^S{t)^+ [ A^S{t - s)[A-^^F{s) - A-^^F{t)]ds 

Jo 

+ [I - S{t)]A-‘^^F{t) 

= Jl{t) + J2{t) + Jsit). 

Let us show that Ji, J 2 and J 3 belong to T]] E). 

Proof for Ji. Using (2.9) and the expression: 

ti-^^i-“i5(t)^ = t^-^A^-f^S{t)Af^-^^^, 
it is easily seen that 

lim Ji(t) = 0 . 

t^o 

The condition (2.2) is hence fulfilled. 

In addition, (2.6) and (2.7) give 

sup ti-^||Ji(t)|| < sup 

0<t<T te[o,T] 

(3.17) <0-/5P^-“ieil- 
On the other hand, for 0 < s < t <T, 

,l-/3+-||Jl(i)_ Jl(,)|| 


{t - sr 
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(t - sr 

[t — S) 

rt-S Jl_n 


< ^ 


j;^-^A^-siu)d 


u\ 


{t - sY 


fis), 


where 


f{s) = si-^+‘^pi-^+"S(s)A^-“i.eil- 
Therefore, (2.6) gives 

si-/3+-||Ji(t)-Ji(s)|| ^ 


{t - sY 


^1—0 


a 


{t - sY 
-fis) 


-fis) 


(3.18) 


< 


tl-o-il-/3+cr||^^ "1.^11 


0 < s < t < T. 


a 


Note that /(•) is continuous on [0,T] and 


lim sup /(s) = 0 (see (2.9)). 
*^Oo<s<t 


Thus, 


and 


sup 

0<s<t<T 


g^-^+'^||Jl(t)- Jl(5)|| 

{t - sY 


< oo 


lim sup 

0<s<t 


s^-f^+Y\Jiit) - Jiis)\\ 

it - sY 


= 0 . 


The conditions (2.3) and (2.4) are then satished. 
We hence conclude that 


Ji€ T]-E). 

Furthermore, thanks to (3.17) and (3.18), 

Proof for J 2 . The norm of J 2 is evaluated by using (2.5) and (FI): 

||J 2 (t)|| < f\\AS{t-s)\\\\A-^^F{s)-A-^^F{t)\\ds 
Jo 
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< f {t — sy ^ds 

Jo 

= tiB(/3 — a,c7)t^~^Wji-aip(t), 0 < t < T. 

Therefore, 

(3.19) (‘-'’||J2(()II 

< tiB(/3 - <7, <7)Wji-cip{t) 

< LiB{f3 — a, a)\\A F\\p/3,cr(^p-^, 0<t<T, 

and 

(3.20) = 0. 

t^o 

We now observe that for 0 < s < t < T, 


J 2 {t) - J 2 (s) = AS{t - u)[A-^^F{u) - A-^^F{t)]du 

+ [S{t -s)-I] [ AS{s - u)[A-^^F{u) - A-^^F{s)]du 
Jo 

+ [ AS{t-u)[A-'^^F{s) - A-'^^F{t)]du 
Jo 


— s) + J22{ti s) + «/23(^) s). 


The norm of J 2 i(t, s) is estimated by using (2.5) and (2.6): 

||J 2 i(i,s)|| < f\\AS{t-u)\\\\A-<^^F{u)-A-<^^F{t)\\du 

J S 

< f iiWj^-aip{t){t — uY~^u^~^~^du 
J S 

<iiWj^-aip{t)s^~‘^~^ f (t — uY~^du 
J S 

(^3 21 ) _ LiWA-,.ip{t)s^-^-^{t - sY 

a 

The norm of J 22 (t, s) is evaluated as follows: 

ll'^ 22 (t,s)|| 

rt—s ps 

/ AS{r)dr AS{s-u)[A-^^F{u)-A-‘^^F{s)]du 
Jo Jo 
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f f A^S{r + s — u)[A °‘^F{u) — A °'^F{s)]dudr 
Jo Jo 

pt—S ps 

< i2WA-c ‘1 f{^) / / {r + s — u)~'^{s — uYu^~^~'^dudr 

Jo Jo 

= L2WA-aiFi^) [ [{s — u)~^ — {t — u)~^]{s — uYu^~'^~^du 
Jo 

=/- 2 tf^-c.i^(s)(i — s) f {t — u)~^{s — uY~^u^~‘^~^du 

Jo 

= — s) / {t — s + u)~^u^~^{s — uY~°^~^du. 

Jo 

s 

Using the decomposition: = /I + /o^ j we have 

(3.22) \\J 22 {t,s)\\ 

= t 2 WA-aiFis){t — s) J {t — s + u)~^u‘^~^{s — u)^~‘^~^du 

+ i 2 «^A-“lF('S)(^ “ s) / {t — s + u)~^u'^~^{s — uY~^~^du. 

Jo 

In order to handle the hrst integral of the latter equality, we have 
{t — s) {t — s + u)~^u^~^{s — uY~’^~^du 
={t - sp {t - - s + uY^u^^u-Ys - uf-^^-Yu 

<2{t — sYs~^ [(t — — s + — uY~^~^du. 

Note that for every ^ < u < s, 


{t — s)^ ^{t — s + u) 

t — s \ / u 


t — s + u 


t — s + u 


< 1 . 


{t-s) {t - s + u)-Y^-^{s - uf-^-Yu 
<2{t - sps-^ [ {s- uf-^^-^du 

Jo 


Hence, 
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(3.23) 


2{t - 

j5 — a 


In the meantime, 

{t — s) f {t — s + 

Jo 

<21-/3+-/—i(i _ [\t-s + u)-^u^-^du 

Jo 

^2i-/3+- /"^(i + - sY 

Jo 

roo 

(3.24) (1 + r)-V'"-^dr/-'"-Ht - s)'". 

Jo 

(Notice that /q°°(1 + r)~^r^~^dr < oo.) 

Thanks to the estimates (3.22), (3.23), and (3.24), there exists C 2 > 0 
depending only on exponents such that 

(3.25) \\J 22 {t,s)\\ < C 2 Wj^-cip{s)sf^~'"~^{t - sy. 

The norm of the last term, J 23 {t, s), is evaluated by using (2.5) and (2.8): 

II J23(t, .)|| = ||[5(t - .) - 5(t)][yl-“iF(s) - ^-“^F(t)]|| 

< ||[S(t - s) - 5(t)]||u;^-.,^(t)/—i(t - s)*^ 

(3.26) < 2ioWA-o^^p{t)s^-^-^{t - sf. 

Thanks to (3.19), (3.20), (3.21), (3.25) and (3.26), we conclude that 

J2e.F^’/(0,T];E), 


II J2|//3.a(£;) < Call^ °'^F\\pp,a(^p) with some C3 > 0. 
Proof for J3. Since A~°^^F{f) has a limit as t —>■ 0, 

limt^-^J3(t) = limfl - S(t)]t^-I^A-^^F{t) = 0. 
t^o t—^o 

Furthermore, (2.5), (2.7) and (2.8) give 

^(l + io)!!^ 0<t<T. 
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We now write 


(3.27) Mt) - Ms) =[I - S{t)][A-^^F{t) - 

+ [I - S{t- s)]S{s)A-^^F{s). 

The norm of the first term in the right-hand side of the equality is estimated 
by using (2.5), (2.7) and (2.8): 

||[/-5(t)][7l-“^F(t)-7l-“^F(s)]|| 

(3.28) < (1 + i^o)wa-^i 

Meanwhile, the norm of the second term is evaluated by: 


\\[Sit-s)-I]S{s)A--^Fis)\\ 

< ||[S(t -s)- I]A-^\M-^-^\MA^S{s)s^-^A-^^F{s)\ 

< [ A^-^S{r)dr s^-'"-^||s'"A'"5(s)s^-^7l-“iF(s) 
Jo 


< 


[ " Li-M~^drs^-^-^\MA^S{s)s^-^A-^^F{s) 
Jo 

{t - s)'^s^-'^-^||s‘"T‘^5(s)s^-^T-“iF(s)||. 


10 

o- 


This means that there exists C^y Q such that 


\MMS{t-s)-I]S{s)A-^-F{s)\\ 

(3.29) < Ci{t - s)'"s^-'"-i||s'"A'^5(s)si-^A-“iF(s)|| 

< CM - s)‘^s^-‘^-is"P"5(s)||s^-^||A-"iF(s)|| 

< - s)"- 

In addition, since s^“^74““iT(s) has a limit as s ^ 0, (2.9) gives 

(3.30) lim \MA‘^S(s)s^-M-<^^F(s)\\ = 0. 

s-^O 

According to (3.27), (3.28), (3.29) and (3.30), it is seen that 


and 


\\Jo\\eP-'^(e) ^ C^\\A 


with some Cs > 0. 
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We have thus proved that 

and that there exists C > 0 depending only on the exponents such that 

3 

i=l 

(3.31) <C[||yl'>-«{|| + ||yl-«F||^,„,E)]. 

The estimate (3.14) then follows from (3.16) and (3.31). 

Step 3. Let us show the remain of the theorem. 

Consider the case ai < 0. Thanks to Theorem 3.1, X is a strict solution 
of (3.1) in C^((0, T]; £■). On the account of (3.12), it is seen that 

dX 

^-“1—= A-"iF(t)-^^-"ix(t), o<t<r. 

Since both A~'^^F and A^~‘^^X belong to {{0,T]-, E), 

In addition, (3.15) follows from (3.14) and the estimate: 
dX 

11 ^ + 11 ^ ^\\rP<<^{E)- 

By Steps 1-3, the proof is now complete. □ 

Remark 3.3. • Theorem 3.2 improves Theorem 1 in [20]. The con¬ 

dition < cci < ^ in [20, Theorem 1] has been removed. 

• Theorem 3.2 generalizes a result in [26]. Indeed, [26, Theorem 3.5] is 
a special case of Theorem 3.2 (with ai = 0). 

4. The stochastic case. Let us consider the stochastic evolution equa¬ 
tion (1.1), where E and G satisfy the following conditions: 

(F2) For some 0 <(t</ 3 — and —oo < ai < 1, 

A-»iE G F^’‘^{{0,T];E). 

(G) With the a and (3 as above and some —oo < a 2 < ^ — (J, 

A-»2g e Ff^’^{{0,T];j{H;E)). 


26 


TON V. TA 


Throughout this section, the notation C stands for a universal constant 
which is determined in each occurrence by the exponents. 

Denote by Wq the stochastic convolution defined by 

Wait) = f S{t- s)G{s)dW{s), 0<t<T. 

Jo 

The next two theorems show the regularity of Wq- 

Theorem 4.1. Let (A) and (G) be satisfied. Let —oo < ki < ^ — 0^2 and 
—00 < K 2 < min{i — a — a 2 , 1}. Then, 

lTGeC(( 0 ,r];D(A-i)) a.s., 

A"WGeC^([e,r];E) a.s., 

and 

E||A^Wg|| G 

for any 0 < 7 < cr and 0 < e < T. In addition, 

(4.1) EWA^^Wcim 

where G is some constant depedning only on the exponents. Furthermore, if 
< j5 — a 2 — then 

1TgGC([0,T];P(A"i)) a.s. 

Proof. We divide the proof into three steps. 

Step 1. Let us show that 

. lTG€C(( 0 ,r];P(A-i)) a.s. 

• Wg satisfies (4.1). 

• Wg G C([ 0 , T];V[A^^) a.s. when ki < P — 

We have 
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If 02 + > 0, then 

f \\A'^^S{t — s)G{s)\\‘i^^jj.^~^ds 
^ 0 

<42+ki P"""G'II^/5.-(7{R;£)) 

(4.2) =4+,^ p-“^G||4,.(^(^^^)4(2/3 - 1,1 - 202 - 2 ki) 

X ^ 2 (/ 3 -q: 2 -ki )-1 

<00, 0 < t <T. 


Meanwhile, if 02 + ki < 0, then 

l\\A-^S{t-s)G{s)f^^H;E)ds 

(4.3) < 0 < t < r. 

Therefore, A'^^ S{■ — s)G{s)dW(s) is well-defined and continuous on (0,T]. 

Since A'^^ is closed, we obtain that 

A^^WG{t)= f A^^S{t-s)G{s)dW{s). 

Jo 

Thus, A^'^^Wg is continuous on (0,T], i.e. 

Wg € Ci{0,T];V{A^^)) a.s. 

In addition, (4.2) and (4.3) give 


E\\A^^WGit)\\ A>^^S{t- s)G{s)dW{i 

c{E) j ||A^iS'(t — s)G(s)P(is 


<G\\A niax{t^ 




The estimate (4.1) therefore has been proved. 

Furthermore, when ki < /3 — 02 — ^, (4.2) also holds true at t = 0. Thus. 
A'^'^Wg is also continuous at t = 0. 
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Step 2. Let us verify that there exists an increasing function m(-) dehned 
on (0, r] such that 


lim m(t) =0 
t^o 


and 


EWA'^^Wcit) - A'^^WG{s)f 0<s<t<T. 

From the expression 

A^^Wcit) = [ A^^S{t - r)[G{r) - G{t)]dW{r) 

Jo 

[ A^^S{t-r)G{t)dW{r), 

Jo 


+ 


it is seen that 

A^^Wcit) - A^^Wcis) 


f A^^S{t-r)[G{r)-G{t)]dW(r) 

J s 

+ [ A^^S{t-r)[G{r)-G{t)]dW{r) 

Jo 

-[ A^^S{s-r)[G{r)-Gis)]dWir) 

Jo 

+ [ A^^S{t-r)G{t)dW{r) + [ A^^S{t - r)G{t)dW{r) 

Js Jo 

- [ A^^S{s-r)G{s)dW{r) 

Jo 

A^^S{t-r)[G{r)-G{t)]dW{r) 

+ [ A^^S{t-s)S{s-r)[G{r)-G{s) + G{s)-G{t)]dW{r) 

Jo 

- [ A^^S{s-r)[G{r)-G{s)]dW{r)+ [ A^^S{t - r)G{t)dW{r) 

Jo Js 

+ [ A^^S{t-r)G{t)dW{r) 

Jo 

+ [ A^^S{s - r)[G{t) - G{s) - G{t)]dW{r) 

Jo 

f A^^S{t-r)[G{r)-G{t)]dW{r) 

J s 
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+ 

+ 

+ 

+ 


[ [ 5 (t - s) - I]A^^S{s - r)[G{r) - G{s)]dW{r) 

Jo 

[ A^^S{t-r)[G{s)-G{t)]dW{r) + [ A^^S{t 
Jo Js 

[ A^^Sis-r)[G{t)-G{s)]dW{r) 

Jo 

[ A^^ [S{t - r) - S{s - r)]G{t)dW{r) 

Jo 


— r)G{t)dW{r) 


=Ki + K2 + K3 + K4 + K5 + Kq. 


Let us give estimates for E||iLj|p(i = 1,... ,6). For E||iLi|p, (2.5) gives 
E\\K,f ME) f\M^S{t-r)[G{r)-Gm"iH;E)dr 

J S 

ME) - r)f\\A-"^G{r) - 

ME)wA-o.Mt)^ - r)f{t - r)2-r2(/^—i)dr, 


where 


a-/ 3 +(T|| 4 - 0:2 


w^a-“2g(*) = sup ■ 

0 <s<t 


\\A--^ G{t)-A-^Ms)h(H;E) 

{t - s)- 


If 02 + H 2 > 0 , then by ( 2 . 6 ), 


e\\kM ME)tl+.,w^-o.Mt)‘' [ 

J s 


_ ^')2(o--02-K2)^2(/3-cr-l)^^ 




Jjt- r) 2 (- 

ME)t^,+.,WA-<^Mt) s \^2{a-a2-K2) 

<C'u;^_„2^(t)2tl-2(«2+/C2)g2(/3-o-l)^^ _ ^^2o^ 

If 02 + «^2 < 0 , then by ( 2 . 7 ) and ( 2 . 8 ), 

E||iLi f Mwa-o.,gM j\t - i)dr 

[ {t-Mdr 

J S 
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Hence, 


For E||if 2 |P we have 

E||^ 2 f 


<c(E) 

pt — S 

<c{E) / 

Jo 


^ AS{p)dpA-^S{s-r)[G{r)-G{s)] \ 

r \\A^2+^^+-S{s-r)f 
Jo 

x\\A-»^G{r)-A-»^G{s)f^^H;E)dr 
<GwA-.,a{sf[ J' ^ p-^+^dpY 

X p“ 2 +« 2 +'" 5 (s-r)|| 2 (ir 


dr 


<GWA-a2Q 


Jo 


,2(/3-<7-i)^^ - r)2‘"P"2+^2+'"5(s - r)f dr. 


If a 2 + ^2 + T > 0, then 

E||i^2f 

<GwA-^2Gis?{'^- s?"" f (s-r)-2(“2+«2)^2(/3-<7-i)^^ 

Jo 

=(75(2/3 - 2a - 1,1 - 202 - 2K2)w;A-“2G(«)^s^^^"‘"“""“''"^"ni - s)^'" 
If 02 + K 2 + T < 0, then 


Ell^af <GwA-c. 2 Gisf{t - [\s - r)2v2(/^—i)dr 

Jo 

=C5(2/3 - 2cj - 1,1 + 2a)wA-c.2Gis?s^^~^it - sf^ 

<GwA-c.2Gisfs^^^'"s'^^^~'"~^Ht - sf’"- 


Hence, 

E||i72f < (7u;^-.2G(s)^max{s^-2(“2+«2)^^i+2a|^2(/3-<T-i)^^_^^2^^ 
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For E\\Ksf, 

E\\Ksf <c{E) - r)[A-^^G{s) - A-^^G{t)]f^^H;E)dr 

Jo 

If 02 + K 2 ^ 0, then 

EWK^f <C [ {t - 
Jo 

<^[^l-2(a2+K2) _ _ ^^l-2(a2+^2)]y,^_^^^(^)2^2(/3-,T-l)(^ _ ^^2^ 

whereas if 02 + ^2 < 0, then 

E\\Ksf < CdrwA-c.,Git?s^^^~''~^\t - sf^ 

Hence, 

Ell/Faf < Cu;^-c.2GW^max{t^-2(“2+^2),l}s2(/3-<^-i)(t _ s)2<x_ 

For E\\K4^, 

E\\K,f <c{E) \\A-^S{t - r)G(t)||2(^^g)dr 

ME) f - r)in|H-“^G(t)||2(^^^)hr 

J S 

<c(E)||H-“2G||^,..(^(^^^)t2(/3-i) p«2+.25(^ _ 

<c(£;)||H-“^G||^,,.(^(^^^)t2.^2(/3-a-l) f' pa2+.25(i _ 

J s 

here we used the inequality 

^2(/3-l) ^ ^2a^2{0-a-l) ^ ^2,7^2(/3-r7-l) _ 

The integral — r)\\^dr can be estimated similarly to the 

integral \\A^^~^'^^S{t — r)|pdr in the estimate for E||iC 3 |p. Thereby, 

f \M2+^^S{t-r)f dr 
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< CmaxKi — s)^ — s} 

= Cmax{(t - s)1-2(«2+k2+-)^ _ s)^-^^}{t - sf^ 

< Cmax{(ii-2(“2+'^2+'"),ti-2<^}(i-s)2'^. 


Therefore, 


For Elliesf, 

E\\K,f <c{E) r \\A^^+-^S{s - r)[A-^^G{t) - 
0 

<c{E)wA-c.,G{tfs‘^^^~"~^\t - r ||A"2+'^2S(s - r)fdr. 

Jo 

By considering two cases: 0:2 + ^^2 > 0 and 02 + K2 < 0 as for Elji^alp and 
E||iA4|p, we arrive at 

E||i^5||2 < Cn;^-.2cW^niax{si-2(“2+'^2)^5}52(/3-a-i)^^_ 

Finally, for EHifeP we have 

Ell^ef 


<c(E) r \\A-nS(t -r)- S(s - r)]G(i)||=,„^j|*- 

<c{E) j‘ ||A“>+">+‘'S(s - r)f ||S(i - ») - I\A-f\\A-‘‘^a{t)f^fa.^E)<ir 
=c{E) r \\A^^+^^+‘^S{s-r)fdr f S{p)dp V““"G(f)|| 

Jo Jo 

<c{E) _ r)fdr(^J^ ' 


2 

AHE) 


(s — r)\\'^dry j p 

If a2 + ^2 + <7 > 0 , then 
E\\K,f <C j\s - 


\2(t 
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i)(t _ sf\ 

If 02 + K 2 + <7 < 0, then 

niK.f < 

l)(i _ ,) 2 ., 

Therefore, 

ElliCef < Gp-“^G||^,,,.(^(^.^))max{^l-2(“2+"^),^l+2.}^2(/3-.- 

In this way, we conclude that 

6 

¥.\\A^^WG{t) - A^^WG{s)f < 6 ^E||iAif 

i=l 

<m(t)2s2(/3—l)(t_s) 2 <x^ 

where m{-) is some increasing function defined on ( 0 , T] such that 

lim mit) = 0 . 
t^o 

Step 3. Let us verify that for any 0 < 7 < u and 0 < e < T, 
A^^WGeC^[e,Ty,E) a.s., 

and 

E\\A^^Wg\\ G JG/3,<^((o,r];M). 

By Theorem 2.7, A^^Wg is a Gaussian process on (0,T]. Thanks to the 
estimate in Step 2, Theorem 2.10 applied to A'^^Wg provides that 

A^^Wg €C'^i[e,TyE) a.s. 

In order to prove that E||^'^ 2 g J'^’°'((0, T]; M), we again use the 
estimate in Step 2 . We have 

[E|| 2 l'^WG(t) - A^^WG{s)\\f < EP'^=W'G(t) - A'^^WGis)f 

< m(t)2s2(/3—l)(i_s)2-. 


Then 


si-/3+<TEp''2WG(t) - A'^^WGis^ 


< m 
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This imlies that 


(4.4) 


sup 

0<s<t<T 


s^-^+^\E\\A^^WG{t)\\ -E\\A^^Wg{s)\\\ 

{t - sr 


< oo 


and 

(4.5) 


lim sup 


s^-0+<^\E\\A^^WG{t)\\ - Ep^2Vf/g(s)||| 

{t - sr 


= 0 . 


On the other hand, repeating the argument as in (4.2) and (4.3), we have 
E\\A-^WGit)f < c{E) \\A^^S{t - s)G(s)||2(^^^)ds 


Thereby, 

t^-^E\\A'^^WG{t)\\ < t^-^VEp«2VF'G(t)P 

< C\\A-^^G\\jrp,a^^(^H-,E)) max{t5-“2-«^2^ 


Hence, 

(4.6) limp-%M^WG(t)|| = 0. 

*->■0 

By (4.4), (4.5) and (4.6), we conclude that 

E\\A^^Wg\\ G T'^’‘"((0,r];M). 


Thanks to Steps 1 and 3, the proof of the theorem is now complete. 

Theorem 4.2. Let (A) and (G) be satisfied. Assume that a 2 < 
Then, 


WG^C{fi),T]-V{A)) a.s. 



and 


WG{t) = - [ AWG{s)ds + [ G{s)dW{s) 

Jo Jo 


Proof. Theorem 4.1 for ki = 1 provides that 


a.s., 0 < t < T. 


Wg € C{{0,T];V{A)) 


a.s. 
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and 


AWcit) = f AS{t - s)G{s)dW{i 
Jo 


0<t<T. 


The process fgG(s)dW(s) is also well-defined and continuous on [0, T] 
because 


< 




J 0 




0 

^ 2 / 3-1 


2 ^ 


oo, 


0 < t < T. 


Using the Fubini theorem, we have 


A 


/* £ /*L/*S 

/ WG{s)ds = / / AS{s — u)G{u)dW{u)ds 

Jo Jo Jo 

= 11 AS{s-u)G{u)dsdW{u) 

Jo Ju 

= [ [G{u) - S{t-u)G{u)]dW{u) 

Jo 

= [ Giu)dW{u) - [ S{t- u)G{u)dW{ 

Jo Jo 

= [ G{u)dW{u)-WG{t), 

Jo 


Hence, 


WG{t) = - [ AWG{s)ds+ f G{s)dW{i 
Jo Jo 

The theorem has been thus proved. 


0 < t < T. 


a.s., 0 < t < T. 


□ 


We are now ready to state the regularity for (1.1). 

Theorem 4.3. Let (A), (F2) and (G) be satisfied. Assume t/iaf < oo. 

(i) Let — oo<fi:<l — ai and k < ^ — a 2 - Then, there exists a unique 
mild solution of (1.1) possessing the regularity: 


A eC((0,r];P(A^)) 


a.s. 
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with the estimate 
(4.7) ]E||A''A:(i)|| 

<CE||^||t '^ + C'\A ^ + C\\A “^G'||_7r/3.a(.^(j^.E)) 

Xf < 0 and a 2 < then X becomes a strict solution of (1.1). 

(ii) Assume that f, G P(A^““i) a.s. Let — oo < k < min{/3 —ai, /3 —a 2 — ^} 
and K < ^ — a 2 - Then, 

X eC{[t),T]-V{A'^)) a.s. 


with the estimate 


+ ||A max{t^ ■2,t^ 2 }]^ 0<t<T. 


Furthermore, if k < min{i — u — 0 : 2 ,1}, then for any 0 < e < T and 
0 < 7 < u, 

A^X eC'^{[e,T]-,E) a.s. 

and 


(4.8) 


EP'^XII G J'^’‘"((0,r];M), 


Proof. Theorems 3.1 and 4.1 provide that (1.1) has a unique mild solu¬ 
tion in the space 

X € C{iO,T]-,V{A'^)) a.s. 

In addition, if ai < 0 and 02 < ^, then by Theorems 3.1 and 4.2, X 
becomes a strict solution. 

For Part (i), it now suffices to prove (4.7). Using (3.4) and (4.1), we have 


E\\A^X{t)\\ =E A^S{t)^+ f A^S{t-s)E{s)ds + A^WG{t) 

Jo 

<E||7l'"5(t)e|| + [ \\AS{t-s)[A-‘^^F{s)-A-^^E{t)]\\ds 

Jo 

+ ||[/ - 5(t)]A-“iF(t)|| + E||7l'^lUG(t)|| 

<||7l''5(t)||E||e|| + iiBiP - a,a)\\A-^^Fy,,.^E/-^ 
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X 0<t<T. 

Then, (2.5), (2.6) and (2.8) gives 

E\\A^X{t)\\ 

^ + [1 + io + ti-B(/3 — (T, cr)]||A 

+ C*||7l 2 }, 0 < t < T. 

Thus, (4.7) has been verified. 

It is easily seen that Part (ii) (except (4.8)) follows from Theorems 3.2 
and 4.1 and a note that for any 0 < e < T and 0 < 7 < <7, 

Tf^^^{{0,T]-,E)cC'^i[e,T]-,E). 

Let us finally prove (4.8). We have 

A^X = A^Xi + A^Wg, 

where ^ 

Xi = S(tX + [ Sit- s)Fis)ds. 

Jo 

In the proofs for Theorems 3.2 (see Step 2) and 4.1 (see (4.6)), we already 
show that 

limf^-^^i-“iXi(t) = 0, 

*->■0 

and 

limt^-%P'^iyG(t)|| = 0 . 

Since «; < 1 — ai, we obtain that 

\imt^-I^E\\A^Xit)\\ = 0. 

t ->-0 

This means that E||7l^X|| satisfies (2.2). 

On the other hand, by Theorem 3.2, 

(4.9) Wi € ((0, T]; E) 

Hence, it is easily seen that 

e J'^’'"((0,r];M). 


a.s. 
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In addition, Theorem 4.1 provides that 

EP'^ITgII € .T^’^((0,r];M). 


Using the inequality: 

|EP"X(t)||-EP'^X(.)||| 

<|EP"Xi(t)||-E||A''Xi(s)||| 

+ IEP^IUgWII - EP"iyG(5)|||, 0 < < T, 

it is easily seen that E||A''X|| satisfies (2.3) and (2.4). 

In this way, we obtain that 

EP^'XII G J'^’'"((0,r];M). 


We now have 

EA^X{t) = E^^Xi(t) = A'^+“i-^E^^-"iXi(t). 

Since «; < 1 — oi, (4.9) gives 

In addition, since 

dEA^X d 


[5(t)E^''^+ [ A^S{t- s)F{s)ds] 
Jo 


we arrive at 


dt dt jQ 

= -AEA'^X + A^F{t), 


T];F). 


The proof is now complete. 


□ 


The following corollary is a direct consequence of Theorem 4.3. 

Corollary 4.4. Let (A), (F2) and (G) be satisfied. Assume that ai < 
0,02 < oi — and ^ G 'D{A^~°‘^) a.s. Then, (1.1) possesses a unique strict 
solution with the regularity: 

A GC([0,r];P(A^-“i)), AA GC((0,r];E) 


a.s. 
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5. An application to heat eqnations. Consider the following non¬ 
linear stochastic heat equation: 


(5.1) 


^ = Au — a{x)u + b{t, x) + a{t, x)^^{t, x), 0 < t < T, x G 
u{0,x) = uo{x), X € 


where 

• A = Yli=i Laplace operator. 

• a(-), uo(-), and 6(-, •), it(', •) are real-valued functions in and in 
[0, T] X respectively. 

• ^ is a space-time white noise with intensity a{t,x) at {t,x). 

Let us hrst make precise what we mean by ^^{t,x). Since the process 
W{t, x) depends on both position x and time t, it is often chosen of the form 

OO 

W{t,x) = 'Y^ej{x)Bj{t), 

i=i 

where is an orthonormal and complete basis of some Hilbert space, 

say Hq, and is a family of independent real-valued standard Wiener 

processes on a hltered, complete probability space (H, {J'i}f>o,P). 

It is known that (see, e.g., [4]) the series s.jBj{t) converges to a cylin¬ 
drical Wiener process on a separable Hilbert space H ^ Hq. (The embedding 
of Hq into H is a Hilbert-Schmidt operator.) We still denote the cylindrical 
Wiener process by G [0,T]}. The noise term (j{t,x)^^{t,x) in (5.1) 

is therefore considered as G'(t)^^(t), where W is the cylindrical Wiener pro¬ 
cess on H and G{t),0 <t<T, are linear operators from H to some Banach 
space. 

We now want to consider (5.1) in the Hilbert space {E, H-H) = ||- 

IIr'-i(R‘*))- Clearly, LI is a UMD Banach space of type 2 (see Remark 2.2). 
We assume that 

• The function F defined by F(t) = b{t,-) is an iL“^(M'^) - valued mea¬ 
surable function on [0,T]. 

• Operators G{t),0 <t<T, are Hilbert-Schmidt operators from H to 

H'-^(M'^) (see Remark 2.4). In addition, G: [0,r] ^ L 2 (^;i?”^(M'^)) 
is H-strongly measurable and G G L2{H; 

• a(-) G L°°{W^) with inf 3 ,g]gd a{x) > 0. 

Let A be a realization of the differential operator — A-|-a(x) in H“^(M'^). 
Thanks to [26, Theorem 2.2], A is a sectorial operator on with 
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domain T>{A) = H^CMA). As a consequence, (—A) generates an analytical 
semigroup on 

Using A,F and G, the equation (5.1) is formulated as a problem of the 
form (1.1) in Consider separately the deterministic case and the 

stochastic case. 

Case 1. (t(-, •) = 0. 

Theorem 3.2 is available for the heat equation (5.1) in this case. We then 
obtain the maximal regularity for (5.1). 


Theorem 5.1. Assume that F satisfies the condition (FI) with E = 
Let uq € T>(A^““i). Then, (5.1) possesses a unique mild solution 
in the spaces: 

u G c((o,r];T>(Ai-“i)) nC([o,r];p(A^-“i)), 


and 

G J'^’'"((0,r];i/-^(M'^)). 
In addition, u satisfies the estimate: 

\\A^ + ||A^ 

< C[\\A^ "ir(o|| + ||A 


Furthermore, when ai < 0, u becomes a strict solution of (3.1) possessing 
the regularity: 


u G C^((0,r];F-^(R'^)) 


and 


with the estimate: 


.4-“^ e .F'’''’((o,r|;/;-‘(R‘‘)) 


dt 






Here, C is some positive constant depending only on the exponents. 


Case 2. a{-, •) ^ 0. 

Theorem 4.3 is available to the heat equation (5.1) in this case. The 
following theorem shows existence of mild and strict solutions as well as 
their space-time regularity to (5.1). 

Theorem 5.2. Assume that F and G satisfy the conditions (F2) and 
(G) with E = 
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(i) Let K < 1 — ai and k < ^ — a 2 - Then, (5.1) possesses a unique mild 
solution in the space: 


u € C{{0,T];V{A^)) a.s. 


with the estimate 
E\\A-uit)\\ 

+ C\\A 

X 0<t<T. 

If Oil ^0 and a 2 < ai — then u becomes a strict solution of (5.1). 
(ii) Take uq € V{A^~°‘^). Let —oo < K < min{/3 — ai,f3 — a 2 — ^} and 
K < I — 02 - Then, 


u e C{[0,T]-,V{A^)) a.s. 


with the estimate 

E\\A-uit)\\ 

<C'[||74^ "^UoII + 11^ 

+ ||A ^ 0<t<T. 

Furthermore, if k < min{i — a — a 2 ,l}, then for any 0 < e < T and 

0 < 7 < u, 

A^ueC'^{[e,T]-,H-\R^)) a.s. 

and 

iE\\A^u\\ € J^^'^((0,r];M), 

[EA^u,^^^ g jr/3,^((0,r];i?-i(M'^)). 
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